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Applied Data Analytics

Statistics — Measures for bivariate data

Ordinary Least Squares (OLS): Derivation

Hans-Martin von Gaudecker and Aapo Stenhammar



Decompose Yiinto conditional mean and residual
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OLS: Setup

Rewrite
Yi=po+ 5 Xi + Ui
as

Ui = Y; — Bo — i X,

and pick By, B1 as to minimize the sum of squares of the U;
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Minimisation problem

(Bo, Bl) = arg min Z U;
1=1

bO 7b1
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Steps for Bo

Differentiate objective function with respect to by:

0, (Yi—by—
Oby

in2 n
1X) =Y "2 (¥~ b~ by X;) - (1)
1=1

By and B are the values solving this:

n

S 2 (Yi-Bo— ixi) =0

1=1

Divide by —2



Steps for BO
zn;n—ﬂ”o—élxizo
Zn;Y;—BOZn;l—Blzn;Xi:O

Y Y, —fBn—p )y Xi=0
1=1 1=1
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Steps for BO

Divide by n and rearrange:

Y Yi—fim—B> X;=0
i—1 i=1

%Zn—z%—&%;xi:o
1=1 i=
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Steps for Bl

Differentiate objective function with respect to b;:

0 i (Yi—by—b NS
5 Zz by — b1 X;) - (—X;)

By and B are the values solving this:

n

Z—2°(YE—5AO—/§1X¢)X¢;0

1=1

Divide by —2, multiply out
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Steps for Bl

XY - fuXi — fuXE =0
1=1
D XiYi—By Xi—piy XP=0
1=1 1=1 =1
ZXY (7 - 4iX) ZX —Blixf =0
=1 i=1 i=1

ixm —Yixi — B (ixf Xixb) =0
1=1 1=1 1=1 1=1
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Focus on first two terms

zn:XiYi —an:Xi
i=1 i=1
zzn:Xiy; - En:XiY
i=1 i=1
:zn:XiYi _zn:X,-Y—zn:XY;Jrzn:XYE
i=1 i=1 i=1 =1
i=1 i=1 =1 =1
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ixm_iXiY—iXY}JrX-n%iYi
i=1 i=1 i=1 i=1
SN XY S XT3 XY 4 nXY
1=1 1=1 1=1
:zn:xm —En:XiY—f:XYHiXY
i=1 i=1 i=1 =1
:zn:XiYi ~ XY - XY, + XY

1=1

-3 (X %) (%)



Back to the equation for Bl

> - ¥Yx (L x 3
! ij(xi—fc)-(n—?)—ﬁl 11i(Xz-—X)2=0
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Implications: U = 0, sy y = 0

Remember the FOC's:

1 N 1 .
E;E—ﬁo—ﬁlxizﬁzz;wzv':o

1 - A A 1 i

— Z (Yi—ﬂo—ﬁlXi) Xi=— ZUin'ZSX,UZO
i=1 =1

Second equation follows from same argument as above for 2?21 X,;Y;, — XY and

observing that U = 0.
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OLS estimator

b= Y — iiX
A SXy
61 — — 9

Sx

These are the intercept and slope of the regression line:

m [ is the mean value of Y when X is zero

o Bl is the mean change in Y when X changes by one unit



Data with OLS regression line




